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Abstract
Multispecies contaminant transport in the Earth’s subsurface is commonly modelled using
advection-dispersion equations coupled via first-order reactions. Analytical and semi-analytical
solutions for such problems are highly sought after but currently limited to either one species,
homogeneous media, certain reaction networks, specific boundary conditions or a combination
thereof. In this paper, we develop a semi-analytical solution for the case of a heterogeneous lay-
ered medium and a general first-order reaction network. Our approach combines a transformation
method to decouple the multispecies equations with a recently developed semi-analytical solution
for the single-species advection-dispersion-reaction equation in layered media. The generalized so-
lution is valid for arbitrary numbers of species and layers, general Robin-type conditions at the inlet
and outlet and accommodates both distinct retardation factors across layers or distinct retardation
factors across species. Four test cases are presented to demonstrate the solution approach with the
reported results in agreement with previously published results and numerical results obtained via
finite volume discretisation. MATLAB code implementing the generalized semi-analytical solution
is made available.
Keywords: contaminant transport; multispecies; multilayer; advection dispersion reaction;
reaction network; semi-analytical.
1. Introduction
Advection-dispersion equations are commonly used to predict the fate and transport of contam-
inants in the Earth’s subsurface [1]. Challenges of applying such equations in practical situations
include dealing with subsurface heterogeneity and multiple reactive contaminants, which together
yield coupled multispecies advection-dispersion-reaction equations with spatially-dependent coef-
ficients [2]. While such problems can always be solved numerically, analytical solutions are highly
sought after as they provide greater insight into the governing transport processes and are useful
for assessing the accuracy of numerical methods [3]. Moreover, due to being continuous in space
and time, analytical solutions are typically computationally efficient because computing a high
accuracy solution doesn’t require the use of small temporal and spatial discretisation step sizes.
For such reasons, analytical solutions for reactive contaminant transport problems have attracted
great interest since the mid 20th century and continue to engage researchers [2, 4, 5].
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Figure 1: Schematic representation of the multispecies multilayer advection-dispersion-reaction model for the case of
m = 5 layers and n = 4 species, where ci,j(x, t) is defined as the concentration [ML
−3] of species j in layer i. Arrows
in the reaction network indicate production, e.g., the arrow from ci,2 to ci,3 indicates production of species 3 from
species 2 in layer i. Our proposed solution accommodates two special cases: equal retardation factors across species
(Ri,1 = Ri,2 = · · · = Ri,n) with the option for distinct retardation factors across layers (Case I, Section 3.1) or equal
retardation factors across layers (R1,j = R2,j = · · · = Rm,j) with the option for distinct retardation factors across
species (Case II, Section 3.2).
In this paper, we focus on analytical and semi-analytical solutions for reactive contaminant
transport governed by coupled multispecies advection-dispersion-reaction equations. In particular,
our interest is in layered media, which are often observed in the field [3], and general first order
reaction networks where each species can potentially produce every other species (Figure 1). In
our review of the literature below, we highlight some pertinent solutions for multispecies problems
in homogeneous media, single-species problems in layered media and multispecies problems in
heterogeneous/layered media.
Sun et al. [6] presented an analytical solution for coupled multispecies advection-dispersion-
reaction equations for the case of a semi-infinite homogeneous medium with sequential reactions.
Their approach involves decoupling the multispecies equations using a linear transformation and
then applying a well-known analytical solution for single-species problems. The derived solution is
valid for zero initial concentration, constant concentration at the inlet and a zero concentration at
an infinite distance from the inlet (Figure 1). In subsequent work, the authors formulated other
linear transformations for decoupling more complex first order reaction networks involving parallel,
sequential-parallel or “family tree” reactions [7, 8]. Later, Clement [1] extended the analytical
solutions of Sun et al. [6] by demonstrating how the eigenvalue decomposition of the reaction
matrix (matrix of reaction rates) can be used to construct the decoupling linear transformation for
a general reaction network.
Carr and Turner [9] presented a generalized semi-analytical solution for the case of single-species
diffusion in a layered medium. Similar approaches were presented by Rodrigo and Worthy [10] and
Zimmerman et al. [11]; the latter for a multilayer reaction-diffusion problem with first-order decay.
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The approach employed by Carr and Turner [9] is to isolate the multilayer problem on each layer
by introducing unknown functions equal to the diffusive flux at each interface. Each single-layer
problem is then solved separately using the Laplace transform. The solution in the Laplace domain
is expressed in terms of the Laplace transformations of the unknown interface functions, which
are ultimately identified by ensuring the interface condition imposed on the solution is satisfied.
Recently, these ideas have been extended to single-species advection-dispersion-reaction equations
in layered media [12]. The developed generalized solution is valid for an arbitrary number of layers
and general Robin-type boundary conditions at the inlet and outlet.
Gureghian and Jansen [13] developed a semi-analytical solution for coupled multispecies
advection-dispersion-reaction equations for the case of three-species undergoing sequential reac-
tions in a semi-infinite layered medium. The solution approach uses the Laplace transform, solving
for the Laplace-domain concentration of each species in each layer in a nested fashion, which is
made possible by the sequential reactions. Apart from the first layer, solutions in the time-domain
are expressed in terms of convolution integrals that are evaluated numerically. Suk [14] presented
an analytical solution for the case of spatially-varying retardation factor, velocity and dispersivity
with sequential first-order reactions. Their approach uses the linear transformation of Sun et al. [6]
to decouple the multispecies system with the generalized integral transform technique [15] used to
solve the decoupled single-species equations. The solution is valid for a time-varying flux-type inlet
condition and zero concentration outlet condition. Semi-analytical solutions for multispecies mul-
tilayer problems have also been derived by Mieles and Zhan [16] and Chen et al. [17]. Both papers
are limited to sequential reactions and the two-layer permeable reaction barrier-aquifer problem.
As demonstrated by Clement [1], the linear transformation method for decoupling multispecies
problems fails for non-equal retardation factors across species. This issue was addressed by Quezada
et al. [18], who showed how semi-analytical solutions can be obtained by applying the decoupling
linear transformation in the Laplace domain. A somewhat similar approach was presented by
Bauer et al. [19] for the case of a semi-infinite domain with sequential reactions using the Laplace
transform. In the Laplace domain, the solution for each species is expressed as a linear combina-
tion of decoupled single-species equations with the coefficients in the linear combination identified
from a recursion formula. To transform the solution from the Laplace domain to the time do-
main, numerical inversion of the Laplace transform was carried out when analytical inversion was
impossible.
Our review of the literature found that all existing analytical and semi-analytical solutions
for reactive contaminant transport are limited to the special cases of either a single-species, a
homogeneous medium, certain reaction networks, specific boundary conditions, equal retardation
factors across species or a combination thereof. In this paper, we address these limitations by
developing a new generalized semi-analytical solution for multispecies contaminant transport in
layered media. Our solution technique combines the decoupling strategies for multispecies [1, 18]
and multilayer [12] advection-dispersion-reaction equations discussed previously and accommo-
dates arbitrary numbers of species and layers, general boundary conditions of Robin-type at the
inlet and outlet and a general reaction network. Seperate solutions are derived for accommodat-
ing (i) non-equal retardation factors across layers and (ii) non-equal retardation factors across
species. Both solutions are implemented in MATLAB and made available in an online repository:
https://github.com/elliotcarr/Carr2020d. To the best of the author’s knowledge, our generalized
semi-analytical solutions are the first valid for both multilayer media and general reaction networks.
The rest of the paper is organised in the following way. In section 2, we outline the multispecies
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multilayer advection-dispersion-reaction model solved in this paper. Section 3 describes our solu-
tion method using the decoupling transformation and Laplace transform. The derived solutions
are verified in Section 4 using a selection of test problems. Lastly, in Section 5, we summarise the
paper, discuss limitations of the work and provide some interesting directions for further research.
2. Transport model
Consider transport of a multispecies reacting contaminant within a layered medium. Let n be
the number of species and m be the number of layers and assume the medium is layered as follows:
0 = `0 < `1 < · · · < `m−1 < `m = L (Figure 1). Define the concentration [ML−3] of species j in
the ith layer by ci,j(x, t), where x ∈ (`i−1, `i) and t ≥ 0 are the spatial and temporal variables.
We assume transport within each layer is governed by an advection-dispersion-reaction equation,
yielding the coupled system of mn equations:
Ri,j
∂ci,j
∂t
= Di
∂2ci,j
∂x2
− vi∂ci,j
∂x
+
n∑
k=1
µj,kci,k + γi,j , (1)
where x ∈ (`i−1, `i), i = 1, . . . ,m (layer index) and j = 1, . . . , n (species index). Here, Ri,j > 0 is
the retardation factor [−] in layer i for species j, Di > 0 is the dispersion coefficient [L2T−1] in
layer i, vi is the pore-water velocity [LT
−1] in layer i and γi,j is the rate constant for zero-order
production [ML−3T−1] of species j in layer i [20]. Reaction between species is governed by the
values of µj,k [T
−1], which specify the rate constant for first-order decay of species j (k = j) or
the rate constant for production of species j from species k (k 6= j). Initially, the concentration of
each species is assumed constant within each layer:
ci,j(x, 0) = fi,j , (2)
where i = 1, . . . ,m and j = 1, . . . , n. For all species, concentration and flux are assumed continuous
at the interfaces between adjacent layers [3, 21, 22]:
ci,j(`i, t) = ci+1,j(`i, t), (3)
θiDi
∂ci,j
∂x
(`i, t) = θi+1Di+1
∂ci+1,j
∂x
(`i, t), (4)
where i = 1, . . . ,m − 1 and j = 1, . . . , n and θi is the volumetric water content [−] in layer i.
Inherent in Eq (4) is the assumption of flow continuity θivi = θi+1vi+1 for all i = 1, . . . ,m − 1
[3, 21]. General Robin boundary conditions are applied at the inlet and outlet:
a0c1,j(0, t)− b0∂c1,j
∂x
(0, t) = g0,j(t), (5)
aLcm,j(L, t) + bL
∂cm,j
∂x
(L, t) = gm,j(t), (6)
where j = 1, . . . , n, a0, b0, aL, bL > 0 are specified constants and g0,j(t) and gm,j(t) are specified
functions. The Robin boundary conditions (5)–(6) permit either a concentration-type boundary
condition, for example by setting a0 = 1, b0 = 0 and g0,j(t) = cb,j(t), or a flux-type boundary
condition, for example by setting a0 = v1, b0 = D1 and g0,j(t) = v1cb,j(t), where cb,j(t) is the
specified inlet concentration of species j.
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3. Solution method
Our generalized semi-analytical method for solving the coupled multispecies multilayer trans-
port model (1)–(6) is now described. We start by considering the following matrix representation
of the governing equations (1)–(6):
Ri
∂ci
∂t
= Di
∂2ci
∂x2
− vi∂ci
∂x
+ Mci + γi, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (7)
ci(x, 0) = fi, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (8)
ci(`i, t) = ci+1(`i, t), (for i = 1, . . . ,m− 1), (9)
θiDi
∂ci
∂x
(`i, t) = θi+1Di+1
∂ci+1
∂x
(`i, t), (for i = 1, . . . ,m− 1), (10)
a0c1(0, t)− b0∂c1
∂x
(0, t) = g0(t), (11)
aLcm(L, t) + bL
∂cm
∂x
(L, t) = gm(t), (12)
where the vectors and matrices are defined as follows:
ci =

ci,1
ci,2
...
ci,n
 , Ri =

Ri,1
Ri,2
. . .
Ri,n
 , Mi =

µ1,1 µ1,2 · · · µ1,n
µ2,1 µ2,2 · · · µ2,n
...
...
. . .
...
µn,1 µn,2 · · · µn,n
 ,
γi =

γi,1
γi,2
...
γi,n
 , fi =

fi,1
fi,2
...
fi,n
 , g0(t) =

g0,1(t)
g0,2(t)
...
g0,n(t)
 , gm(t) =

gm,1(t)
gm,2(t)
...
gm,n(t)
 .
Our proposed solution accommodates two special cases: equal retardation factors across species
with the option for non-equal retardation factors across layers (Case I) or equal retardation factors
across layers with the option for non-equal retardation factors across species (Case II). Below, we
consider these two cases separately.
3.1. Case I: Non-equal retardation factors across layers
Suppose within each layer the retardation factors are equal for each species, that is, Ri,1 =
Ri,2 = · · · = Ri,n =: R̂i, where R̂i is the retardation factor for all species in layer i. In this case,
Ri = R̂iI and the coupled system of transport equations in layer i (7) becomes:
R̂i
∂ci
∂t
= Di
∂2ci
∂x2
− vi∂ci
∂x
+ Mci + γi. (13)
To decouple this system of n equations, we employ the linear transformation approach of Clement
[1]. Let c˜i = Q
−1ci where Q is an n× n invertible matrix. Multiplying (13) by Q−1 yields:
R̂i
∂c˜i
∂t
= Di
∂2c˜i
∂x2
− vi∂c˜i
∂x
+
(
Q−1MQ
)
c˜i + Q
−1γi,
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where we have used the linearity of the differential operator and the relationships between ci and
c˜i. Hence, the coupling between species can be removed by choosing Q such that Q
−1MQ is a
diagonal matrix. Assuming M is non-defective (diagonalisable), an appropriate choice for Q is
obtained by computing the eigenvalue decomposition: M = QΛQ−1, where the diagonal entries
of Λ = Q−1MQ = diag(λ1, λ2, . . . , λn) are the eigenvalues of M and the columns of Q are the
corresponding eigenvectors [1].
All there is left to do is to transform the initial, boundary and interface conditions (8)–(12),
which is achieved by multiplying both sides of each of these equations by Q−1. In summary, solving
(7)–(10) for ci is equivalent to solving:
R̂i
∂c˜i
∂t
= Di
∂2c˜i
∂x2
− vi∂c˜i
∂x
+ Λc˜i + γ˜i, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (14)
c˜i(x, 0) = f˜i, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (15)
c˜i(`i, t) = c˜i+1(`i, t), (for i = 1, . . . ,m− 1), (16)
θiDi
∂c˜i
∂x
(`i, t) = θi+1Di+1
∂c˜i+1
∂x
(`i, t), (for i = 1, . . . ,m− 1), (17)
a0c˜1(0, t)− b0∂c˜1
∂x
(0, t) = g˜0(t), (18)
aLc˜m(L, t) + bL
∂c˜m
∂x
(L, t) = g˜m(t), (19)
for c˜i and then computing ci = Qc˜i. In the above equations, γ˜i = Q
−1γi, f˜i = Q−1fi, g˜0(t) =
Q−1g0(t) and g˜m(t) = Q−1gm(t).
Collecting the jth component of the system of equations (14)–(19) for each i = 1, . . . ,m,
provides the decoupled problem for species j:
R̂i
∂c˜i,j
∂t
= Di
∂2c˜i,j
∂x2
− vi∂c˜i,j
∂x
+ λj c˜i,j + γ˜i,j , (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (20)
c˜i,j(x, 0) = f˜i,j , (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (21)
c˜i,j(`i, t) = c˜i+1,j(`i, t), (for i = 1, . . . ,m− 1), (22)
θiDi
∂c˜i,j
∂x
(`i, t) = θi+1Di+1
∂c˜i+1,j
∂x
(`i, t), (for i = 1, . . . ,m− 1), (23)
a0c˜1,j(0, t)− b0∂c˜1,j
∂x
(0, t) = g˜0,j(t), (24)
aLc˜m,j(L, t) + bL
∂c˜m,j
∂x
(L, t) = g˜m,j(t), (25)
where f˜i,j , γ˜i,j , g˜0,j(t) and g˜m,j(t) are the jth entries of f˜i, γ˜i, g˜0(t) and g˜m(t), respectively. For
each value of j, the governing equations (20)–(25) describe a single-species multilayer advection-
dispersion-reaction model. We solve this model using the semi-analytical method presented in our
previous work [12], which can be applied directly to (20)–(25) for each species j = 1, . . . , n. Using
the computed solution c˜i,j(x, t) and reversing the decoupling transformation yields the solution of
the original coupled multispecies multilayer transport model: ci,j(x, t) =
∑n
k=1 qj,kc˜i,k(x, t), where
qj,k is the entry in row j and column k of Q.
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3.2. Case II: Non-equal retardation factors across species
Suppose for each species the retardation factors are equal within each layer, that is, R1,j =
R2,j = · · · = Rm,j =: Rj , where Rj is the retardation factor for species j across all layers. In this
case, Ri = diag(R1, R2, . . . , Rn) =: R and the coupled system of transport equations in layer i (7)
becomes:
R
∂ci
∂t
= Di
∂2ci
∂x2
− vi∂ci
∂x
+ Mci + γi. (26)
Attempting to decouple this system using the strategy outlined for Case I fails since
Q−1R[∂ci/∂t] = R[∂c˜i/∂t] only if Q−1R = RQ−1, i.e., R is diagonal with equal diagonal entries
(as in Case I) [1]. However, non-equal retardation factors across species can be accommodated
by applying the linear transformation in the Laplace domain [18]. Consider the Laplace domain
representation of Eqs (26) and (8)–(12):
R [sCi − fi] = Did
2Ci
dx2
− vidCi
dx
+ MCi +
γi
s
, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (27)
Ci(`i, s) = Ci+1(`i, s), (for i = 1, . . . ,m− 1), (28)
θiDi
∂Ci
∂x
(`i, s) = θi+1Di+1
∂Ci+1
∂x
(`i, s), (for i = 1, . . . ,m− 1), (29)
a0C1(0, s)− b0∂C1
∂x
(0, s) = G0(s), (30)
aLCm(L, s) + bL
∂Cm
∂x
(L, s) = Gm(s), (31)
where Ci = [Ci,1, Ci,2, . . . , Ci,n]
T with Ci,j := Ci,j(x, s) = L{ci,j(x, t)}. Let C˜i = Q−1Ci, where
Q is an n × n invertible matrix. Rearranging (27) and multiplying both sides of the resulting
rearrangement by Q−1 yields:
Q−1
[
−Rfi − γi
s
]
= Di
d2C˜i
dx2
− vidC˜i
dx
+
(
Q−1
[
M− sR]Q) C˜i,
where, similarly to Case I, we have used the linearity of the differential operator and the re-
lationships between Ci and C˜i. This time assuming M − sR is non-defective, the coupling
between species in the Laplace domain can be removed by computing the eigenvalue decom-
position: M − sR = QΛQ−1 where the diagonal entries of Λ = diag(λ1, λ2, . . . , λn) are the
eigenvalues M − sR and the columns of Q are the corresponding eigenvectors [18]. Clearly,
the entries of Q and Λ depend on the Laplace variable, s, so henceforth we write Q(s) and
Λ(s) = diag(λ1(s), λ2(s), . . . , λn(s)) to explicitly highlight this dependence. In a similar manner
to Case I, transforming the boundary and interface conditions (28)–(31) is achieved by multiplying
by [Q(s)]−1. In summary, C˜i satisfies:
αi(s) +
ωi(s)
s
= Di
d2C˜i
dx2
− vidC˜i
dx
+ Λ(s)C˜i, (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (32)
C˜i(`i, s) = C˜i+1(`i, s), (for i = 1, . . . ,m− 1), (33)
θiDi
∂C˜i
∂x
(`i, s) = θi+1Di+1
∂C˜i+1
∂x
(`i, s), (for i = 1, . . . ,m− 1), (34)
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a0C˜1(0, s)− b0∂C˜1
∂x
(0, s) = G˜0(s), (35)
aLC˜m(L, s) + bL
∂C˜m
∂x
(L, s) = G˜m(s), (36)
where αi(s) = −[Q(s)]−1Rfi, ωi(s) = −[Q(s)]−1γi, G˜0(s) = [Q(s)]−1G0(s) and G˜m(s) =
[Q(s)]−1Gm(s).
Collecting the jth component of the system of equations (32)–(36) for each i = 1, . . . ,m,
provides the decoupled problem for species j:
αi,j(s) +
ωi,j(s)
s
= Di
d2C˜i,j
dx2
− vidC˜i,j
dx
+ λj(s)C˜i,j , (for x ∈ (`i−1, `i) and i = 1, . . . ,m), (37)
C˜i,j(`i, s) = C˜i+1,j(`i, s), (for i = 1, . . . ,m− 1), (38)
θiDi
∂C˜i,j
∂x
(`i, s) = θi+1Di+1
∂C˜i+1,j
∂x
(`i, s), (for i = 1, . . . ,m− 1), (39)
a0C˜1,j(0, s)− b0∂C˜1,j
∂x
(0, s) = G˜0,j(s), (40)
aLC˜m,j(L, s) + bL
∂C˜m,j
∂x
(L, s) = G˜m,j(s), (41)
where αi,j(s), ωi,j(s), G˜0,j(s), G˜m,j(s) denote the jth component of the vectors αi(s), ωi(s), G˜0(s)
and G˜m(s).
Following similar working to that presented previously by Carr [12], the solution of Eqs (37)
and (39)–(41) can be expressed as:
C˜1,j(x, s) = P1,j(x, s) +A1,j(x, s)G˜0,j(s) +B1,j(x, s)G˜1,j(s), (42)
C˜i,j(x, s) = Pi,j(x, s) +Ai,j(x, s)G˜i−1,j(s) +Bi,j(x, s)G˜i,j(s), (for i = 2, . . . ,m− 1), (43)
C˜m,j(x, s) = Pm,j(x, s) +Am,j(x, s)G˜m−1(s) +Bm,j(x, s)G˜m,j(s), (44)
where Pi,j , Ai,j and Bi,j (i = 1, . . . ,m) are defined in Table 1 and G˜i,j(s) := θiDi[∂C˜i,j/∂x](`i, s)
for i = 1, . . . ,m − 1 and j = 1, . . . , n. Substituting the expressions (42)–(44) into the interface
condition (38) for i = 1, . . . ,m − 1 yields an (m − 1)-dimensional linear system whose solution
provides G˜1,j(s), . . . , G˜m−1,j for species j. With C˜i,j(x, s) identified in all layers, reversing the
decoupling transformation yields Ci,j(x, s) =
∑n
k=1 qj,k(s)C˜i,k(x, s), where qj,k(s) is the entry in
row j and column k of Q(s). The final step is to apply the inverse Laplace transform to compute the
concentration in the time domain: ci,j(x, t) = L−1 {Ci,j(x, s)}. Here, we use an approach described
by Trefethen et al. [23] to numerically invert the Laplace transform. Full implementation details
are available in our code available at https://github.com/elliotcarr/Carr2020d.
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Table 1: Form of Pi,j(x, s), Ai,j(x, s) and Bi,j(x, s) (i = 1, . . . ,m) involved in Eqs (42)–(44).
Layer adjacent to inlet (i = 1)
P1,j(x, s) = Ψ
(j)
1 (s) +
a0
β1,j(s)
{
ξ
(j)
1,1(s)Ψ
(j)
1,2(x, s)− ξ(j)1,2(s)Ψ(j)1,2(`1, s)Ψ(j)1,1(x, s)
}
Ψ
(j)
1 (s),
A1,j(x, s) =
1
β1,j(s)
{
ξ
(j)
1,2(s)Ψ
(j)
1,2(`1, s)Ψ
(j)
1,1(x, s)− ξ(j)1,1(s)Ψ(j)1,2(x, s)
}
,
B1,j(x, s) =
1
θ1D1β1,j(s)
{[
a0 − b0ξ(j)1,1(s)
]
Ψ
(j)
1,1(0, s)Ψ
(j)
1,2(x, s)−
[
a0 − b0ξ(j)1,2(s)
]
Ψ
(j)
1,1(x, s)
}
,
where
β1,j(s) = [a0 − b0ξ(j)1,1(s)]ξ(j)1,2(s) exp(−[ξ(j)1,1(s)− ξ(j)1,2(s)]`1)− [a0 − b0ξ(j)1,2(s)]ξ(j)1,1(s).
Interior layers (i = 2, . . . ,m− 1)
Pi,j(x, s) = Ψ
(j)
i (s),
Ai,j(x, s) =
1
θiDiβi,j(s)
{
ξ
(j)
i,2 (s)Ψ
(j)
i,2 (`i, s)Ψ
(j)
i,1 (x, s)− ξ(j)i,1 (s)Ψ(j)i,2 (x, s)
]
,
Bi,j(x, s) =
1
θiDiβi,j(s)
{
ξ
(j)
i,1 (s)Ψ
(j)
i,1 (`i−1, s)Ψ
(j)
i,2 (x, s)− ξ(j)i,2 (s)Ψ(j)i,1 (x, s)
}
,
where
βi,j(s) = ξ
(j)
i,1 (s)ξ
(j)
i,2 (s)
{
exp(−[ξ(j)i,1 (s)− ξ(j)i,2 (s)](`i − `i−1))− 1
}
.
Layer adjacent to outlet (i = m)
Pm,j(x, s) = Ψ
(j)
m (s) +
aL
βm,j(s)
{
ξ
(j)
m,2(s)Ψ
(j)
m,1(x, s)− ξ(j)m,1(s)Ψ(j)m,1(`m−1, s)Ψ(j)m,2(x, s)
}
Ψ
(j)
m,1(s),
Am,j(x, s) =
1
θmDmβm,j(s)
{[
aL + bLξ
(j)
m,2(s)
]
Ψ
(j)
m,2(L, s)Ψ
(j)
m,1(x, s)−
[
aL + bLξ
(j)
m,1(s)
]
Ψ
(j)
m,2(x, s)
}
,
Bm,j(x, s) =
1
βm,j(s)
{
ξ
(j)
m,1(s)Ψ
(j)
m,1(`m−1, s)Ψ
(j)
m,2(x, s)− ξ(j)m,2(s)Ψ(j)m,1(x, s)
}
,
where
βm,j(s) = [aL + bLξ
(j)
m,2(s)]ξ
(j)
m,1(s) exp(−[ξ(j)m,1(s)− ξ(j)m,2(s)](`m − `m−1))− [aL + bLξ(j)m,1(s)]ξ(j)m,2(s).
For every species (j = 1, . . . , n) and every layer (i = 1, . . . ,m):
Ψ
(j)
i (s) =
ωi,j(s)s
−1 + αi,j(s)
λj(s)
,
Ψ
(j)
i,1 (x, s) = exp
[
ξ
(j)
i,1 (s)(x− `i)
]
recalling `m = L,
Ψ
(j)
i,2 (x, s) = exp
[
ξ
(j)
i,2 (s)(x− `i−1)
]
recalling `0 = 0,
ξ
(j)
i,1 (s) =
vi +
√
v2i − 4Diλj(s))
2Di
,
ξ
(j)
i,2 (s) =
vi −
√
v2i − 4Diλj(s))
2Di
.
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4. Computational results
We demonstrate our generalized semi-analytical solutions derived in the previous sections using
four test problems (Problems A–D). Problem A is a test case previously presented by Sun et al. [6]
involving a homogeneous medium with a constant concentration of species 1 imposed at the inlet.
Problem B, solved previously by Suk [14], considers a heterogeneous three-layer medium with a
constant concentration flux of species 1 imposed at the inlet. Problem C involves a heterogeneous
five-layer medium with a time-varying concentration of species 1 imposed at the inlet and non-equal
retardation factors across layers. Problem D involves constant zero order production of species 1
in the fourth layer and distinct retardation factors for each species. Problems A and B consider
sequential reactions with species 1 producing species 2, species 2 producing species 3 and species
3 producing species 4. Problem C considers a reaction network with species 1 producing species
2 and 3, species 2 producing species 3 and 4 and species 3 producing species 2 and 4. Problem
D involves a similar reaction network to Problem C except species 1 also produces species 4 and
species 4 produces species 2. Full information on each test problem is given in Table 2.
For each test problem, we compare our generalized semi-analytical solution to a benchmark
numerical solution. The benchmark solution is obtained by discretising the multispecies multilayer
transport model (1)–(6) in space using a standard finite volume method. Spatial discretisation
is carried out on a fine uniform grid (xi = (i − 1)L/(N − 1) for i = 1, . . . , N and large N) with
the resulting system of differential equations integrated in time using MATLAB’s ode15s solver
with strict error tolerances. Full implementation details of our numerical benchmark method,
which generalises our single-species numerical method outlined in Appendix A of Carr [12] to
multiple-species, is available from our MATLAB code (https://github.com/elliotcarr/Carr2020d).
Problems A–B involve equal retardation factors and Problem C non-equal retardation factors
across layers, so we apply the Case I semi-analytical solution described in Section 3.1 to solve
these problems. On the other hand, we apply the Case II semi-analytical solution described in
Section 3.2 for Problem D as it involves distinct retardation factors across species. For each test
problem, results are presented in Figure 2 by plotting the concentration of each species across the
medium at two points in time. In all cases, the benchmark solution with N = 10001 (markers)
is visually indistinguishable from the semi-analytical solution (solid line). Additionally, the plots
for Problems A–B match those presented previously by Sun et al. [6] and Suk [14]. In Table 3,
we record the maximum absolute difference between the benchmark and semi-analytical solutions
over time: Error = max |ci,j(xk, tp)− ci,j(xk, tp)|, where the maximums are taken over i = 1, . . . ,m
(layers), j = 1, . . . , n (species), k = 1, . . . , 501 (xk = (k − 1)L/500) and p = 1, . . . , 2 (t1 and t2 are
the discrete times shown in Figure 2). These results reveal that the semi-analytical solutions for
Problems A–D agree with the benchmark finite volume solution (N = 10001 nodes), to at least
five decimal places.
As mentioned in the introduction, a clear advantage of analytical and semi-analytical solutions
is that they are continuous in space and time. Our generalized semi-analytical solution can therefore
be evaluated at a single point in space or time without affecting accuracy. In contrast, numerical
solutions require sufficiently small spatial and temporal discretisation step sizes to ensure accurate
computation of solutions at a single point in space or time. Figure 3 profiles the breakthrough curves
(species concentration at the outlet) for Problem D, computed using the generalized semi-analytical
solution and the numerical benchmark solution with N = 10001. Generating the breakthrough
curves using our semi-analytical solution takes less than one twentieth of the time required by the
numerical benchmark solution.
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Table 2: Transport and geometrical parameters for Problems A–D. In all problems, ci,j(x, t) has units of moles per
litre [mol L−1], initially the concentration is zero for all species across all layers, ci,j(x, 0) = 0, and a concentration
gradient equal to zero is assumed at the outlet, [∂cm,j/∂x](L, t) = 0 for all j = 1, . . . , n. For Problems A–C, the zero-
order production rate (γi,j) is zero for all i = 1, . . . ,m and j = 1, . . . , n. For Problem D, the zero-order production
rate (γi,j) is equal to 0.01 mol L
−1 day−1 for species 1 in layer 4 (i = 4 and j = 1) and zero otherwise.
i `i [m] Di [m
2 day−1] vi [m day−1] θi
A 1 50 0.3 0.2 1.0
2 100 0.3 0.2 1.0
B 1 0.3 0.01 1.0 0.12
2 0.5 0.004 0.24 0.5
3 1.0 0.01 1.0 0.12
C–D 1 10 0.08 0.4 0.09
2 15 0.008 0.04 0.9
3 20 0.08 0.4 0.09
4 22 0.008 0.04 0.9
5 40 0.08 0.4 0.09
First-order reaction [day−1] Retardation factors Inlet boundary condition
A M =

−0.05 0 0 0
0.05 −0.02 0 0
0 0.02 −0.01 0
0 0 0.01 −0.005
 Ri,j = 1. c1,j(0, t) =
{
1.0, j = 1,
0, j = 2, 3, 4.
B M =

−0.75 0 0 0
0.75 −0.5 0 0
0 0.5 −0.2 0
0 0 0.2 −0.1
 Ri,j = 1. v1c1,j(0, t)−D1 ∂c1,j∂x (0, t) =
{
v1, j = 1,
0, j = 2, 3, 4.
C M =

−0.075 0 0 0
0.05625 −0.05 0.004 0
0.01875 0.025 −0.02 0
0 0.025 0.016 −0.045
 Ri,j =

1.0, i = 1,
0.8, i = 2,
1.0, i = 3,
0.8, i = 4,
1.0, i = 5.
c1,j(0, t) =
{
1− exp(−0.01t), j = 1,
0, j = 2, 3, 4.
D M =

−0.075 0 0 0
0.045 −0.05 0.004 0.045
0.01875 0.025 −0.02 0
0.01125 0.025 0.016 −0.045
 Ri,j =

1.0, j = 1,
0.9, j = 2,
0.5, j = 3,
0.8, j = 4.
c1,j(0, t) =
{
0.5(1 + cos(pit/800)), j = 1,
0, j = 2, 3, 4.
Table 3: Maximum absolute difference between the semi-analytical and benchmark solutions shown in Figure 2 for
test problems A–D (Table 2).
Problem A B C D
Error 5.6× 10−7 5.5× 10−7 8.3× 10−7 1.0× 10−6
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Figure 2: Concentration profiles over time for Problems A–D where cj(x, t) denotes the concentration of species j for
all x ∈ [0, L]. In each plot, we compare our semi-analytical solution (solid line) to the benchmark numerical solution
(markers) computed using N = 10001 nodes with markers shown at 41 (equally-spaced) points only. Interfaces
between adjacent layers are represented using vertical lines.
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Figure 3: Breakthrough curves for Problem D. The notation cj(x, t) denotes the concentration of species j for all
x ∈ [0, L]. In each plot, we compare our semi-analytical solution (solid line) to the benchmark numerical solution
(markers) computed using N = 10001 with markers shown at t = 0, 10, 20, . . . , 400 days.
5. Conclusion
In this paper, we developed a generalized semi-analytical solution for multispecies multilayer
advection-dispersion equations coupled via first-order reactions. Our solution strategy combines
a transformation for decoupling multispecies equations [1, 18] with our previous semi-analytical
method for solving single-species multilayer advection-dispersion-reaction problems [12]. The de-
rived solutions are valid for arbitrary numbers of species and layers, general first-order reaction
networks and general Robin-type conditions at the boundaries (inlet and outlet). Seperate solu-
tions were presented for accommodating (i) non-equal retardation factors across layers (Case I,
Section 3.1) and (ii) non-equal retardation factors across species (Case II, Section 3.2). Our work
addresses limitations of existing analytical or semi-analytical solutions that are restricted to homo-
geneous media, specific reaction networks, certain choices of boundary conditions or a combination
thereof.
While our solution is very general, it is limited in some aspects. For example, for the case of
non-equal retardation factors across layers (Case I, Section 3.1), the reaction matrix M must be
diagonalisable and cannot vary across layers, the coefficients a0, b0, aL and bL appearing in the
inlet and outlet boundary conditions must be the same across species and the retardation factors
cannot vary across both layers and species. If any of these do not hold, the linear transformation
methods (outlined in Section 3) fail to remove the coupling between species. Additionally, we found
that the algorithm employed for numerically inverting the Laplace transform can lead to unreliable
results for advection-dominated problems. Possible directions for future work include addressing
some of these limitations.
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